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Effectiveness factors are computed for a second order reaction of the type A + B e 
R + S for both irreversible and reversible cases. The influence of different reactant 
diffusivities, of a nonstoichiometric relationship of reactant concentration, and of equi- 
librium constant upon effectiveness factor are analyzed. Computed results are com- 
pared with those from analytic asymptotic solutions. 

INTRODUCTION 

The effectiveness factor of a catalyst 
pellet has been extensively studied for the 
case of first order irreversible reaction 
(3, 6, 7, 8, 10) ; the first order reversible 
reaction (1) and other orders than one 
(2, 4, 9) have also been taken into account. 
Isothermal behavior of the catalyst pellet 
has been assumed in these cases. 

However, no reference exists for a second 
order reaction of the type r = kcAcB. In 
this paper the effectiveness factor for this 
type of reaction has been computed including 
those cases in which reactant concentrations 
on the pellet surface are not equal or those 
in which reactant diffusivities are different. 
A criterion is also presented to decide when 
the assumption of a first order (or pseudo 
first, order) can be made. 

The more complicated reaction of the 
type 

‘? = k(cAcB - c&J/K) (1) 

is also analyzed. No generalized results are 
presented here because of the high number 
of variables that arise for this case. But a 
few examples have been selected showing 
the relative influence of the different vari- 
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ables. 
From the comparison of the irreversible FORMULATION OF EQUATIONS 

reaction with the reversible one some inter- The following restrictions are taken: (1) 
esting remarks follow. steady state; (2) stoichiometry: A + B = 

NOMENCLATURE 
R + 5; (3) kinetics: T = k(cAcB - c&K); 
(4) no temperature gradients inside the 

c Concentration pellet; (5) effective diffusivities are constant 
c Dimensionless concentration of through the pellet ; (6) the pellet is spherical. 

A, detied by Eq. (7) As concentration gradients are not inde- 
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EFFECTIVENESS FACTORS FOR SECOND ORDER REACTIONS 187 

pendent among them the following equations 
can be written for every point : 

JA = Jg = -JR = -Js (2) 

- Derr,&cAldx) 1 gDerr.ddddx) 
err,ddCR/dX) 

= Derr,s(dcs/dz) (3) 

provided the steady state has been reached. 
Integration of Eq. (3) between 2 and xo 
allows us to write all the concentrations as 
a function of one taken as a reference 

CB = CAO[& - (1 - C)/Del (4) 
CR = CAOER + (1 - C>/DRI (5) 
Cs = cAO[-& + (1 - ‘3/&l (6) 

in which 
c = CA/CA, (7) 

EB = 'h/CA0 ER = cRO/cAIl 

Es = &O/CA0 (8) 

DB = Deff.B/Doff,A DR = Deff,R/Deff.A 

Ds = Derf,s/Deff.A (9) 

it is seen that reactant A has been taken as 
reference. 

Hence, by combining Eq. (1) with Eqs. 
(4), (5), (6), and (7), the reaction rate at 
any point inside the pellet can be written 

(10) 
where the only variable which depends upon 
x is C. 

At the same time the mass balance for 
the sphere reads 

x2(d2cA/dx2) + Zx(dc~/dx) - rx2/Deff,A = 0 
(11) 

If a dimensionless distance X = x/x0 and 
a Thiele modulus $L = (xo/3)(kcAO/Deff,A)1/2 
are introduced and CA and r are replaced as 
given in Eqs. (7) and (lo), Eq. (11) turns 
to dimensionless form 

-9q5L2 

- ER + 9 Es 1 (l; c, I[ S 

(12) 

with the following boundary conditions: 

x=0 dC/dX = 0 

x=1 C=l 

Numerical integration of Eq. (12) will 
provide C as a function of X. This relation- 
ship will be used to compute the effectiveness 
factor of the pellet defined as follows: 

q = F/?-o 
mean reaction rate in the pellet 

= reaction rate at surface pellet conditions 

(13) 

P = [4vrx2rdx/ (+)rxi = 3lrX’dX (14) 

over pellet surface C = 1 and Eq. (10) can 
be written as 

r = JccA~~(EB - EREs/K) (15) 

Replacing Eqs. (14) and (15) in (13) the 
relationship of Eq. (16) (below) arises. 
Equation (16) can be integrated numerically 
once C = C(X) is known. Hence, the final 
result will be of the form 

rl = v(~L, K, En, ER, Es, DB, DR, Ds) 

THE IRREVERSIBLE REACTION 

In this case Eq. (12) reduces to 

(d2C/dX2) + (2/X) (dC/dX) 
-94L2C[En - (1 - C),/‘DB] = 0 (17) 

and Eq. (16) simplifies to 

q = 3/01[EB - (1 - C)/DB]CX2 dX/E, 

(18) 

3 
/ 

ol{W~ - (1 - C)/DRl - (~/K)[ER+ (1 - C)/DRI[& + (1 - C)/Ds]) CX2 dX 
9= 

EB - (~/K)ER& 

(16) 
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A limiting case for which there is an 
analytical solution is that of DB = co, 
because in this case there are no concentra- 
tion gradients for the reactant B, namely, 
cg = cno. This reaction can be studied as a 
pseudo-first-order one with a reaction rate 
constant k’ = kcBO = kcAOEB. The Thiele 
modulus for the first order case is 

4’~ = (x0/3) (k’/D,rr,P 
= (~o/~)(~cAo/D~~~,A)~‘~(EB)~‘~ = +,$B”‘2 

(19) 
and the effectiveness factor will be 

7 = W~‘d[(l/tanh 4’~) - W$‘dl (20) 
Figures 1, 2, 3, and 4 show the effective- 

ness factor for the second order reaction as 

THE REVERSIBLE REACTION 

The influence of the Thiele modulus, 
equilibrium constant, and conversion upon 
the effectiveness factor has been computed 
under the following assumptions: (1) the 
relationship of reactant concentrations at 
reactor inlet is the stoichiometric one; hence, 
CA0 = cB0 and CR0 = cso at any place of the 
catalyst bed. For the same reason Eg = 1 
and ER = Es. (2) The diffusivities are all 
the same, namely, D B = Dg = Ds = 1. The 
maximum value that CR0 = cso can reach is 
that of equilibrium conditions. 

The equilibrium constant is 

K = CRO*CSO*/CAOCBO = CRO*~/CAO~ = ERGS 

a function of Eg, 4~, and Dg. hence 

I I 1 I. 
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FIG. 1. Effectiveness factor vs. Thiele modulus for irreversible reaction: EB = 1. 
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&* = KU2 From Fig. 7 two interesting remarks can 

The ER/ER* ratio is a measure of the 
actual conversion with respect to the equi- 
librium one. 

Figures 5, 6, and 7 show the influence of 
C#L, K, and ER/ER* upon the effectiveness 
factor. 

From Figs. 1, 2, 3, and 4 it is seen that 
effectiveness factor for irreversible react’ion 
approaches the pseudo-first-order solution 
[Eq. (ZO)] when the stoichiometric ratio En 
and the diffusivity ratio Ds increase. As a 
practical criterion we can say that pseudo- 
first-order assumption can be used when 
EBDB 3 2. In such a case the error involved 
is less than 10%. 

be made for the reversible case: 
(a) The effectiveness factor for the revers- 

ible reaction is less than that for the irrevers- 
ible case (dotted line) even when conversion 
at pellet surface is null. This is so because 
zero conversion at pellet surface means there 
is a negligible product concentration in the 
gas phase; however, product concentration 
inside the pellet is not zero provided effec- 
tive diffusivities are finite. The difference 
between reversible and irreversible reaction 
rates is going to be higher as the equilibrium 
constant decreases. This fact indicates that 
a reversible catalytic reaction cannot be 
handled as an irreversible one when working 
at very low conversion unless diffusional 
effects are negligible. The same conclusion 

0.011 I I I I Illll I I I I lllll 
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FIG. 2. Effectiveness factor vs. Thiele modulus for irreversible reaction: EB = 2. 
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FIG. 3. Effectiveness factor vs. Thiele modulus for irreversible reaction: EB = 5. 

can be obtained for the case in which one or 
more of the products decreases reaction rate 
because of strong adsorption on the catalyst. 

(b) For a given value of the Thiele 
modulus, reaction rate approaches zero 
when conversion approaches one. However, 
the effectiveness factor does not approach 
unity (Fig. 7). This can be explained in the 
following way: The reaction rate driving 
force decreases very much as equilibrium 
is approached and very low concentration 
gradients very much decrease the reaction 
rate inside the pellet. This implies that when 
dealing with a reversible reaction near equi- 
librium conditions diffusional effects should 
be very carefully estimated. 

ASYMPTOTIC SOLUTIONS 

The effectiveness factor can also be ex- 
pressed in terms of the concentration gradi- 
ent at the pellet surface 

(dCldX)x=1 
rl = 3h2LG - ERWKI (21) 

In general the concentration gradient 
should be evaluated by numerical integra- 
tion of Eq. (12), since analytic solutions 
exist only for a few cases. 

However, Petersen (5) has shown that 
for high values of the Thiele modulus the 
first derivative may be neglected with 
respect to the second one in Eqs. (12) and 
(17). This makes possible the analytic calcu- 
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FIG. 4. Effectiveness factor vs. Thiele modulus for irreversible reaction: Ee = 10. 
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lation of the concentration gradient at the 
pellet surface, which combined with Eq. (21) 
gives an asymptotic solution for the effec- 
tiveness factor. 

For the irreversible case the integration 
of Eq. (17) (neglecting the first derivative) 
is made by Clairaut substitution, taking into 
account that at the pellet center both the 
concentration and the concentration gradi- 
ent are zero. Hence, from Eqs. (17) and 
(21) it follows that 

For the reversible case it is taken into 
account that now the concentration C is 
not zero at the pellet center. It has an equi- 
librium value which depends upon the 
dimensionless concentrations E, diffusivities 
D, and equilibrium const’ant K. It can be 
calculated from Eq. (10) making r = 0. 

By the same procedure as before it follows 
that 

(dC/‘dX)x,l = 3+&2(M - N)1’2 (23) 

where 

(22) M = &$ - & _ 4 

B 

This result checks well with the asymptotic 
values of Figs. 1 to 4. X ER Es 1 EREs+-+ -+- 2Ds 2DR ~DR& 
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FIG. 5. Thiele modulus influence on effectiveness factor for reversible reaction. 
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FIQ. 6. Equilibrium constant influence on effectiveness factor for reversible reaction. 

N = Ceqa 
( 

&- - 3K;RDs > 
We have computed the case for Dg = 

B DR=Ds=EB=~;ER=E~;(ER/ER*)= 

( 
2 - & + ER 

0.5; K = lo-‘, K = 1, and K = 10 for 
+ c,,2 

B 2KDs 10-l I & 2 102, which is represented in Fig. 

Es 1 
> 

5. We observe here that for K = 10-l and 
- ___ 

+ ~KDR + KDRDs 
K = 10, Eq. (12) needs to be integrated 
numerically. For K = 1 Eq. (12) is linear 

y+jg+&+& 
and there is an analytic solution ; in this case 

S R the effectiveness factor is represented by 
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1.0 I 1 q = 0.4O/C$L for K = 10-l 

_ usas q = 0.57/h for K = 1 *-mm- 
q = 0.6819~ for K = 10 

c These asymptotic soIutions compare very 

E 
well with Fig. 5. 
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